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NASA TT F-11,576

EXPERIMENTAL STUDIES ON THE THEORY OF W. RITZ ON TRANSVERSE
VIBRATIONS OF SQUARE PLATES

A. Lemke

SBSTRACT ., Transverse v1brat1uns of plane elastic
plates have been studied. Experimental data are
correlated to theoretical requirements. The accu-
racy of most of the measurements is not very great.
Extensive tables have been compiled and are ac-
claimed to be of general significance over and
above the immediate concern of the paper.

I. Introduction " /717%

The problem of transverse vibrations of plane elastic
plates with free edges, which - ever since the experiments of
Chladni were conducted - has been treated by mathematicians
and physicists, requires the integration of the differential
equation:

o, ED  Adwe= T
a7 ¥ e - M v= 0 [16] (1)

under certain boundary conditions. In this equation E repre-
sents Young's modulus of elasticity, # Poisson's elasticity
number, € the density of the plate material, 2 D is the thick-
ness of the plates, w the displacement in the direction per-
pendicular to the plane of the plate which progresses with
the velocity dw/dt. The equation is valid for square plates
in the case of which the length of the edge was introduced as
unity.

""" According to W. Ritz [17, 18] the problem may be reduced
to a problem of variation which in the form of an expansion in a
power series results in a solution of the differential equa-
tion with theoretically any degree of approximations. Thus

the deflection w may be represented by a convergent serial
development of arbitrary functions of an orthogonal system.

The convergence of the progression and thus the practical

value of this method depend in essence upon the appropriate
choice of functions whereby the choice of functions is fa-
cilitated by the result of the experiment. Ritz applies as

*Numbers in the margin indicate pagination in the foreign text.



suitable function - in analogy of the plate to the elastic
rod - the characteristic function of oscillating rods.

In order to experimentally prove his method, W. Ritz /718
resorted to the relative pitches of tone as they had been ob-
served by Chladni and to the acoustic figures as measured by
Strehlke [18b]. Statements made by Chladni are in several respects’
uncertain. In an effort. eVidently to establish a mathematical
interrelationship of the oscillation frequencies, Chladni over-
looked the dependence of the relative pitches of tone from the
material of the plates and thus did not make any statement
thereon. It remains also uncertain whether the specialized in-
tervals refer to beats at constant temperature. Ritz made
the assumption that Chladni used glass plates - a fact to
which he, by the way, refers as being more feasible than metal
plates - that is, he chose a mean value of different pM-values
found for the individual types of glass for which he carried
through the calculation with 3-6 terms in a progressive de-
velopment and found for this arbitrarily chosen M- value his
theory confirmed. 1In doing so he does, however, not specify
frequencies of OSClllatlonwbut rather pitches of tone in the
terminology of music. A +- sign indicates that the tone ig
somewhat higher, 5 ~- 51gn, that the tone is somewhat 1ower.

The more exact investigation requires in addition to the
determination of the absolute pitches of tone knowledge of
the coefficient of elasticity E and the value p for the plates
used. Ritz has already pointed out the possibility of deter-
mining the coefficients of elasticity by exact observation of

tones of the plates [18c] The frequency of oscillation n is
by .

Y ,
P sea = VAW (2)

‘where, except for A, all terms are constants of the plate while
A(p) is a characteristic function of M for the corresponding
tone which can be calculated numerically according to the Ritz
approach with any desirable degree of approximation.

The ratio of two given frequencies of oscillation of a
plate is only dependent upon A :

Vi@ |
= Vawm = F# | (3)

and it is thus possible to calculate the Poisson elasticity ‘ /719



number M . Equation 2 allows the calculation of the modulus of
elasticity E for absolute determinations of the frequency of
oscillation and with the help of the known relationship

" E-2F
B=T3F (4)

it will finally also be possible to determine the modulus of
torsional shear F.

The coefficients of elasticity of %1rcular plates have
been determined by Professor Kaldhne [7T“W1th the help of the
formulas calculated by Klrchhoff __The. coeff1c1ent C telast1c1ty
e was obtained with 10% accuracy. ‘

" In the present paper we aimed at:

l. a test of the Ritz procedure by measuring the pltches
of tone and the shape of figures for as many characteristic
tones of a plate as possible and the comparison with the re-
sults of the theory,

2. an attempt to determine the coefficients of elasticity
of given plates from the observed pitches of tone.

2. Numerical Application of the Ritz Calculation Approach

Let us assume up and unyare the characteristic functions
of vibrating rods [8a]:

_ Cof k< 08 kn Fom» Cof bt
[un(z)‘ 0}k * €08 ki & 4+ €08 Ky » Bof ke PR PR

V&0 b + €08 ki
l i (z) e Cink,-sink,x + sink, - Sink, x -

o r " f or odd e
Ve k, — gin*k, ; n

(5)

re the length of the rod equals 1. The terms kpy and kp“are
t e roots of the equations “

{ tgz+srgx=o (roots. kp)

fgz—i’gzao (6)
.~ (roots kp)

which have the following values: '



2 ( 3,92660
4 9780 7,06858
6 8,63938 10,21017
8 11,78096 13,351756

10 14,92256

The functions of the expansion in a power series are set
equal to the products of two each characteristic functions of
oscillating rods in which for the purpose of better distinction
these functions are designated for the argument x with u, for
the argument y with wv:

v‘w'm,.' =ty (=) "’lv..‘ W. (7)

The expansion in a power series thus assumes for each in-
dividual tone the following form:

{ 0 = Ayt (@) 94+ Ayg* 5 (3)+9 () + Aoy %)+ v, [9) i85

+ 4, (‘”]'”;(.'/) + Ao:'"o("'_)"’a ®)
+ e .

in which the coefficients Kyg etc. can be determined with the
help of the Ritz approach by a minimum condition. It requires
the solution of the edquations:

; 00 ’
| - (“gg - l) ) A‘Jo T Am s
teafge Ayt o, At

(9) 3

The a-terms of these equations signify the following:

wma+ 2(1 _I‘)'ymm'ynu’ (10)

*Translator's note: Commas represent decimal points in
reproduced material.



(11)

(12)
/721
(13)
By contrast, for m = n the following is valid:
a. for even m:
4 ‘ Fn? (Cof? ki - éos’ ko) , 2kpecoa?l,  Cofth,. éfg ki
Do = " Gof k + c08* Fm + Co)® ki + cos*kn ! i (14)
o B (Cof e = 08 k), 6k 008 K- G0 iy D,
Yﬂm B T G0 ke + €08 iy Coj2 ke + cos®k,, ! (15)
b. for odd n:
; 'k, (G k, + sinth,) n 2 k, Gin® &, - sin® k, « Gotg & ,
O = G h—Ee kT T @'k, —sin'k, (16)
2 (@ith, + sinth) | 6k Gin' K, - sin? k- Gotghy
Yan =~ Gk, — sin®k, T Gk, — sin'F, (17)

The numerically calculated w-and J-values up to index 10
are compiled in Tables 1 and 2....The &-terms are linearly de-
pendent upon the Poisson ratio - Tables 3 and 4 contain the ™
a-terms calculated from # = 0. 36,\Tables 5 and 6 contain their
\derivations according to u so that the< -terms may be calculated Ty
for each;b—value from equations (10) and (ll) which are linear 1n;p:§

Thus, ‘one- is in a p051tlon to determlne theoc—values for
givenxL-values from Tables 3 through 6 by suitable interpola-
tion and thus the freguency parameters; this makes these nu-
merical tables valuable over and above the specific investi-

gation.

The calculation of the system of equations is facilitated
by the fact that due to symmetry properties of the sound pat-
terns the number of terms is reduced. One distinguishes
acoustic singlets and acoustic doublets. TIf a tone is associ-
ated by two acoustic patterns which do not coincide, this tone
is referred to as an acoustic doublet. For an acoustic



singlet, that is for one to which only a single acoustic pat-
tern belongs, w(-x,+y) by its absolute value is identical
with w(+x,+y); if this were not the case, one would be able
to construct by exchange of -x with +x another figure which
cannot be brought to coincide with the first one, a fact
which is in contradiction to the assumption. To acoustic
singlets, therefore, only the following two conditions are
applicable, either w(-x,+y) = -w(+x,y) or w(-x,+y) = +w(x,y),
the solution thus is either an even or an odd function /723
Since x and y may be exchanged arbltrarlly for square plates,
w(x,y) and w(y,x) can also differ by the sign; thus the func-
tion corresponding to acoustic singlets can only be either
symmetrical or antisymmetrical. :

Table 1 S
: S, N o :

m | Ymo| Pm P Vma Vs Vms | me V1 Vms Yo Vm 16
o! 0 o | o 0 0 0 0 o |- o 0 0
1|0 +3 0 | —34641 0 |+s3, 4641 0 —3,4641 0 13,4641 0
210 0 | 412370 0 |—88442 +9,1621 0 —9,2332 0 |4+92628
3| 0 |—384641] 0 |+4+272316] 0 |-— 14 3966 0 + 15,1565 0 — 154348 0
4|0 0 | —88442 0 |+46717 0 — 10,5263 0 420,740 0 — 21,284
5| 0 |+34601] 0 |—14396| 0 |+71,1705 0. |—2452 0 426,131 0
6 {0 0 |+91521 0 |—195263 o + 100,556 0 — 29,444 0 131,377
710 |—34641] 0 |+151565] 0 |—2452 0 +134,88 0 — 34,311 0
8|0/ .0 .|—9232 0 |+20,740 0 — 29444 0 4174133 0 —39,142
9| 0 |+34641] 0 |—15438| o0 |-+26,131 0 — 34,311 0 1+218,32 0

10 0 |-92628 0 |—21,284 0 +31,877 | 0 — 30,142 0 + 267,45

Table 2
B wmn o B

m | Gy Wy 2 O3 [ (2% Opg Dy 1. Wy, 8 Wine Wy 10

0 0 0 0 0 0 o | o 0o 0

1. 0 0 0 0 .0 0 0 0

2 — 13,0756 0 |—04502 0 |+o014268] 0 |—0061542] o0 |+0,031816
3 0 |-101485] 0 |— 11 51240 0 |—-1,32145\ 0 |+056186] O  |—0,28405 0

4 |+ 10,9953 0 |—13,1468 — 24726 0 |—24651 0 |4+1,25135 0 |—0,70765

5 + 21 022 0 |- 13 8175| 0  |—42,806 0 |—37477 0 |+21426 0

6 |— 17,../87 + 25,406 ~150318) 0 |—66,00 0 |—5,1120 0 |+31810

7 0 |- 31 905 0 + 25 686 0 |—16314 0 |—94,037 0 |—6,5303 0

8 |+233562 | — 37,801 426,384 0 |-176791 0 |—127,01 0 |—179829
91 0 |+ 42,788 0 |- 37 9735 0 |+27215| 0 |—10,0068] 0 |—164,92 0

0 1—29,845 0 |+50,428 — 38,407 0 [+28314] O |—205495 0 [—

Solution of the system of equations_according to the
approach described in detail by W. thz[lad]_by successive correc-—
tion results in approximate values » for the frequency parameter

» and approximate values for the coefficients A of the pro-
gressive development. Since the coefficients of elasticity
of the plate had to be determined, the parameters X to which
the frequency of oscillation is linked by (2) had to be calcu-
lated as functions of x with an accuracy as great as possible.



This requires for each A-value the solution of a system of
equations (9) of s equations with s unknowns. The present
study initially used the value g4 = 0.225 as chosen by Ritz.
The calculation revealed several differences as opposed to the
values calculated by Ritz - evidently due to errors in calcu-
lation encountered there. In the following compilation,; of
the results of the calculation the values calculated by Ritz
are therefore given for the purpose of comparison. It is not
immediately evident with what accuracy the A-values are ob-
tained in the case of a development with s terms; likewise the
progression developed with s terms cannot simply be extended
by additional terms. Rather, each preceeding term of the pro-
gression changes with the addition of extra terms. Therefore,
the progressive development was carried out for 6 low tones
with 6 terms, then with 15 terms for different g4 -values ini-
tially for 4 = 0.225. Since, however, not glass plates but
only metal plates were available for which x4 is much greater,
other x-values had to be chosen for the calculation as is

evident from the following compilation of the results of the
calculationl.

1T am greatly indebted to the Director of the Observatory of
Kénigsberg, Prof. Przybyllok, for his permission to use the
Brunswiga calculator.



mi

®
mi
mn

mn

+-342,29
—78,689
—52,16
—55,28
433,624

68,66

—173,836
+131,92
+58,201
+11,479
—69,258
+179,013
+71,457
—173,658
—171,68
—59,269

—56,581

+69,476 |

—84,190

—70,588

+75,86
: 'b7,1;70

— 78,680
+1620,1
111454
+114,54
438,83
—438,83
+278,50
~161,04
— 161,04
+419,53
+419,53
—~204,33
—~294,33

--303,91

~309,75

#=800,75

+114,54
+275a,3
17446
~158,85
—168,86
—9,07
—04,18
—256,82

122,44

+223,23
137,11
177,13
+151,8

+100,34
339,18
—123,7

—277,60
132,08
345,18
—140,48
—166,48

4 148,87

=92,163

—55,283

-+114,5
+174,46
--2769,8
—168,86
—158,85
—9,07
—256,82
--94.18
+223,23
+122,44
177,13
—137,11
+151,8
+339,18
+100,34
—277,60
—123,70
—345,18
+182,08
166,48
—140,48
-+ 148,87



a-values (odd) |

[+3
Wk

Wit

mn
mv
mn

~158,85
—168,86

~+8510,6

-+335,26
—1076,8
+-168,35

261,59

—~T771,77
~407,89
+473,44
+975,40

—513,77

—215,5
—855,82
788,94
+474,28

- | —505,22

—815,28
| +532,20
483745

— 438,83

+-335,26

+5570,6
~1076,8
+261,59
+168,35
—407,80
=T78,77
+675,40
+478,44
—513,77
—355,82
—215,5

+474,28
788,94
—815,28
—505,22
+537,45

-+532,28

—1076,8
—1076,8
+12803
—239,21
232,21
+535,25
+535,25
—1924,5
—1924,5
+813,98
322,29
+322,29
— 618,82
—618,82
+1926,2
4+1026,2
—869,7:
~869,73
+918,12

Table 3 (Continued)

| 94,180

—13,302
458,201

256,82
+168,35
261,59
—232,21
+11383,5
4-381,82
—254,49
—362,23
—113,62
+296,13
+-482,04
—131,75
—506,81
+175,99
-+462,86
—201,50
—360,04
422714
—850,46

—~252,73

+131;9

58001

~161,04
~256,82
—94,180
+261,59
+168,35
—232,21
+381,82
+11385,5
—362,23
—254,49
+296,13
—113,62
+482,04
—506,81
—131,75
4-462,86
+175,99
—360,04

(15,36

69,258
+11,479
1419,5

112244
19223,23
—TT,T7
—407,89
535,25
254,49
362,26
416586
+531,66

-+073,98
+-707,95
—720,89
—1368.6

+1769,08

™~

|
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Table 3 (Continued)

z-values (odd)

i1 _
o 1l 41536
13 -
i +11,479
3%

| —69,258
on || F419,5
156 o
1422323
b1 -

a Il 4+122,44
25 -

w > —407,89
53 —
¥ i —TTL,77
56 S
® +-535,25
7 )
e | —362,26
71 -
LI ——204,49’
« | 4531,66
e

e 116588
pHE E

«' 1 627,43
iy

€ —1971,0
ma

e ] 417281
mih

18 L B04 5
s 504,59
91 o
qtmn 4+221,90
«® 1l —650,63
ma

o | —1089,8

i
BT 720,80

N | 769,08
i

—15,36
+71,457
479,013

—113,62
+296,13
—1971,0
—627,43
428555

+870,83
—3555,2
—~296,66
—429,15
730,78
759,60
—2720,8
—983,43
+1141,3
+3515,5
—1226,5

—15,36

479,013

71,457

| —294,33

SR7,05
T B
+975,41
478,44
—1924,5
+296,13
—113,62
—627,43
—1971,0
+870,83
+28555

[ —3555,2

—429,15
—2986,66
759,60
+1730,78
— 083,43
—2729,9
+3515,5
+1141,3
—1226,5

415,36
—73,658
73,658

+304,43
+151,8

41518

-~ 513,77
— 518,77
1813,98
482,04
1-482,04
4+1728,2

+51388
+371,48
+371,48
— 843,54
— 843,54
+1198,09
+1198,09
—5055,0
—5055,9

-+ 1596,6

| +13,302

59,269
—171,68
+207,17

| +100,34

+-339,18
—215,562
555,82
4-322,20
—131,75
—506,81

-+221,90

4 504,59

296,66
429,15
1-571,48
132618

674,44
365,54
633,36
280,04
1-536,01

4+-926,17

~446,30
—1672,3

+207,17

133938
+100,34
—355,82
215,52
+322,29
— 508,81
—181,75
504,59
+221,90
— 429,15
—996,66
137148
+674,44
+32618
653,36

-+536,01
-~280,04
—446,30
-+926,17

—1572,3

lvalues [8b]:

N
~J
N
=)



Table 3 (Continued)

a-values (é d)

e

- o | ek - I
| am | —1536 | —1536 | 41536 | +1536
,ﬁi +69,48 | 56,58 | —70,588 —84,19
“f,fl —56,58 | +6948 | ~-8419 | —70,588
o | 37946 | 379,46 | +-308,91 | +303,91
o | 123,69 | ~277,6 | +132,08 | —345,18 | ~14048
S 276 | —123,60 | —345,18 132,08 | 16648
W | 4T88,94 | +474,28 | —605,22 | —815,28 | 4532,29
| ume 47428 | 788,04 | —815,28 | 505,22 | +537,45
o | 61882 | 618,82 | +1926,2 | +1026,2 | —869,73
an | +175,90 | +462,86 | —201,56 | ~360,04 | +227,14
wlh | 146286 | 175,99 | —360,04 | —201,56 | —850,46
'ajfu —1089,8 | —650,63 | --673.98 | +707,95 | —729,89
ol | 650,63 | —1089,8 | +707,95 | -+673,98 | —1369,0
ST 1730,78 | 759,60 | —2720,9 | —983,43 | +1141,2
o | +159,60 | 730,78 | —083,43 | —2720,9 | +3515,5
| 843,54 | 843,54 | £1108,1 | 11981 | —5055,9
£ | —365,54 | —663,36 | —280,04 | 536,01 | +026,17
853,36 | —305,54 | +536,01 980,04 | —446,3
3| +40995 | +824,08 | ~3120,84] 889,34 | 426772
o | 4824,05 | +40095 | —889,34 | —3120,84] 439,59
W | —3120,8 | —889,34 | 59269 | +1143,5 | —5662,8
> ;——889,34 —3120,8 | +1143,5 | 459259 | —1340,2
P | £26T7,2 | 930,59 | —~5602,8 | —1340,2 | +91508
‘ f,ﬁ, +939,59 | -+2677,2 | —1340,2 | —5662,8 | 4-1653,5
o™ | 20419 | —2041,9 | +5555,9 | +5655,9 | ~8066,8

297,14

—1369,6
—729,89
+3515,5
+1141,2

—5053,9

- —446,30

+926,17
+939,59
+2677,2

—1340,2
—56062,8 |
+1853,5

+91506
—8066

—1226,3
+1596.6
~1572.3

—1672.3

~2041,0

™~
~J
N
~

11
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Table 4

a-values (even)

»7

' = 02 “a0 %oz ® o4 ® 40 oM
pg =02 31,285 | +7,775 | +5,1455 0 —18,395 | 40,7532
2 4115 | 431,285 | 45,1455 | —18,395 0 —12.174
BN 45,1456 | 45,1455 | +265,24 | 421,995 | 421,995 | —124,88
wok 0 —18,395 | --21,995 | --013,60 | 143,523 | 141,367
0 18,305 0 21,995 | 143,523 | +913,60 | —52,030 |
:; 40,7632 | —12,374 | —124,98 | 441,367 | —52,039 | 4-1739,3
fu —12,174 | +0,7532 | —124,98 | —52,039 | 41307 | 416242
Mo 17820 | 1,782 | 104,38 | —97,872 | —07,872 | —407,83
o 0 +28,907 | —~42,505 0 —68,394 | 25,148
a0 | 428,607 0 —42,505 | —68,394 0 100,57
0| 02887 | 410,181 | 116,62 | 44,1242 | +81,777 | 289,80
2 410,131 | <0,2387 | +116,62 | +8LTIT | +4,1242 | 223,87
40,5648 | +2,5003 | ~108,40 | —0,7578 | 153,80 | 423515 i
«® | 42,8003 | 10,5048 | —10840 | 415380 | —0,7578 | 319,85
«® | 08575 | 08875 +100,82 | +15,334 | 415334 | —252,06
« 0 —39,410 | -+63,393 0 493,265 | —44,141 |
wry, || 39410 0 463,393 | 93,265 0 —149,99
a:i 4-0,10256 | —26,088 | —104,17 | —2,0035 ..111,51 297,79 g
o | -26,088 | +0,10206 | —10417 | 111,51 | —2,0035 +283,87 |
;8,, —0,2436 | —3,8185 | +110,96 | +4,9533 | —200,73 | —244,60
o | -3,8186 | —0.2436 | +110,96 | —200,73 | +4,0533 | —2142
5| +0,3828 | +1,2102 | 110,67 | —7,7838 | —20,910 | 425570
«® 1412102 | 403528 | —11067 | —20910 | —7,7838 126473
ajf; —0,5220 | —0,5220 | +110,8 | 410,614 | 10,614 | —26277
o 0 | +49,931 | —84,366 o 118,14 | 64,266
00 149031 | 0 84,366 | ~11824 | 0 19901,

~
~J
N
x
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Table 4 (Continued)

z-values (even)

ETEERE R

12,174 | —1,782 0 428,908 | —0,2387 | +13,131 | +0,5618
40,7532 | —1,762 | 428,008 ] 418,131 | —0,2387 | 42,8003
—124,98 | +104,38 | —42,505 | —42,505 +116,62 4+116,62 | =108,4
52,039 | —97,872 0 —68,394 | +4,1242 | 81,777 | —9,7578
441,367 | —97,872 | —68,504 0 481,777 | 44,1242 | +153,80
162,42 | —407,83 | 425,148 | 100,67 | —289,80 | —223,87 | 423515
+1739,3 | —407,83 “1100,57 | 425,148 | —223,87 | —250,80 | 319,35
407,83 | --5060,9 | —50,80 | —50,50 | 4292,59 | 292,59 | —1011,9
+100,57 | —59,50 | -4-5570,9 | 107,48 | 110,42 ‘.~15&03 —261,25
+25,148 | —59,50 | 107,48 | --5570,9 | —158,03 | +11042 | --93,502
293,87 | 4-202,59 | -1110,42 | —158,03 | +7340,5 | +339,50 | —815,30
—269,80 | 120250 | —158,03 | 411042 | +5339,59 | +7340,5 | —366,36
4+319,85 | —1011,9 | —2061,25 | 193,502 | —815,3 | —866,35 ;%1367&5
+285,15 | —1011,9 | 463,502 | —261.25 { —366,35 | —815,83 | 571,57
—252,06 | 514,71 | 410,564 | +-410,64 | 4-570,96 | 570,96 | —2097,8
—149,99 | 104,44 0 146,56 | 20,577 | 235,70 | —68,979
—44,741 | +104,44 | —148,56 0 4923570 | 220,577 | —164,12
+-283,87 | 350,86 | +8,55¢ | 215,30 | —440,97 | —454,73 | +417,83
£207,79 1 —359,86 | 215,50 | 18,554 | —454,73 | —440,97 | 484,34

}~214,29 | 994,21 | —20.239 | —127.50 | 360,39 | 435,87 | —1557,3
—244,69 | +994,21 | —127,50 | —20,230 | 435,87 | 360,30 | —6062.20

| +264,73 .~—548,56 31,804 | —559,82 | —392,60 | —286,67 | +779.28
i;-;-255,76 —348,56 | ~550.82 | 31,804 | —286,67 | —392,60 | --2012,9
—262.77 | 574,36 | —43,369 | —43,369 | 341832 | 418,12 | —B838,19
4-199,61 | —152,03 0 4-185,64 | —47,370 1 —313,68 | +112,08
64,266 | —152,03 | --185,65 0 313,68 | —47,5370 | +238,90
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Z~yvyalues (even)

Table 4 (Continued)

R AR Y
quzm +2,8003 | —0,8875 0 —39419 | +0,10296 | —26,085
2 | +005648 | —0,8875 | —39,41 0 | —26,088 | +0,10208]
w2 1084 | +109,82 | +63,393 | 463,203 | —104,17 | —10417 |
| 10380 | 15334 0 | 93,265 | —2,0035 | —111,5]
2 | 97518 | 415,334 | -+93,265 0 —111,51 | —2,0035
«l [ +319.85 | —252,00 | —44,141 | —149,98 | +297,79 | 428387 |
21123515 —252,06 | —149,98 | —44,141 | 283,87 | +207.70
e 10119 | 451471 | +104,44 | 10444 | —359,86 | —359,86 |
a1l 493,502 | +410,54 0 —146,56 | 8,554 | +21530
aX | 261,25 | +410,54 | —146,56 0 121550 | +8.554 |
ook 366,36 | +570,96 | 428,577 | +23570 | —440,07 | —454,73
e 1| 815,30 | +57096 | +235,70 | 20,577 | —454,73 | —44097
i ) 4ETLET | —2007,6 | —69,979 | —16412 | +417,83 | -+484,34 ‘
| +13672,5) —2007,6 | ~16412 | —60,070 | +45434 | +41753 |
% —2007,6 | 427221 | +109.97 | +109,97 | —506,89 ‘._50559}
,?f; —164,12 | +109,97 | 419263 | 4-199,86 | 212,49 | —321,40 §
9 -l 69,970 | +100,97 | +109,86 | +16263 | —32140 +21240 |
B | 448494 | —506,89 | +212,49 | —32140 | 4223325 | +625.99 |
2 4417,88 | —506,89 | —32L,40 | 4212,40 | +62590 422332,5'
ofS || 662,25 | 1+836,18 | —502,75 | 223,80 | —1340,6 | —60504
8L 1657,8 | +836,13 | +223,80 | —502,75 | —605,04 | —13498
81420129 | 32483 | 790,04 | —140,96 | 87,7 | 569,25
| 477,08 | 32483 | 14996 | 790,04 | +589,25 | 48717
5| 83810 | 411748 | ~10773 | —10773 | —322,64 | —322,64
aigf +238,90 | —176,12 0 —253,15 | 43438 | 442774
o100 ;i +112,08 | —176,12 | —253,15 0 142774 | +3438
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Table 4 (Continued)

a-values (even)

4
|

b : “a(’é% aL;Z ag

—0,2436 | —3,8186 | -+-0,3828 | -1,2102 | —0,522 0 -+-49,931
~3,8186 | —0,2436 ‘+1,2102 +0,3828 |- —0,522 +4-9,~931' ()
+110,96 | +110,95 | —~110,67 | —110,67 | +110,80 | —84,360 — 84,366
+4,95é3 —209,73 | —7,7838 | —20,010 | +10,614 0 118,14
—209,73 | +4,9533 | —20,910 | —7,7838 | 410,614 | —118,14 0
—244,95 | —214,29 | 255,76 | 264,78 1 —262,77 | 4-64,256 | 199,61
—214,29 | —244,99 | 264,73 | -+255,76 | —262,77 | +199,61 | +64,256
+994,21 | 994,21 | —548,56 | —548,56 | 574,36 | —162,03 | —152,03
—20,239 | —127,5 | 31,804 | —b559,82 | —43,369 0 +185,64
—127,5 | —20,239 | —559,82 | 431,804 | —43,369 | 185,64 0
+360,39 | +435,87 | —392,60 | —286,67 | +418,12 | —313,68 | —47,370
+435,87 | 360,39 | —286,67 | —392,60 | 418,12 —47,3""}0 —313,08
~1557,8 | —662,25 | +779,28 | 12012,9 | —838,19 | --112,08 | --238,90
—0662,25 | —1557,8 | +2012,9 | +779,28 | —838,19 | +238,90 | -+112,08
836,13 | +-836,13 | —3248,3 | —3248,3 | +1174,8 | —176,12 | —176,12
502,75 | -4-223,80 | 4-790,04 | —149,96 | ~1077,3 0 —253,15
+223,80 | —302,75 | —149,96 | 790,04 | —1077,3 | —253,15 | 0
—1349,6 —505,04: +871,7 | +589,25 | —322,66 | 434,38 | 427,74
—605,04 | —1349,6 | 589,25 | +871,7 | —322,66 | 427,74 | +34,38
432850 | 801,75 | —3552,2 | —951,88 | +3359,2 | —81,341 | —825,78
+801,75 | 432850 | —051,88 | —3552,2 | +-3359,2 | 325,78 | —81,341
—3552,2 | —051,88 | 53282 | -+1231,6 | —5520,7 | +127,82 | <-9240.16
—951,88 | —3552,2 | +1231,6 | +53282 | —5520,7 | 424016 | 127,82
+3350,2 | +3359,2 | —5520,7 | —5520,7 | +88952,7 174,31 | —174,31
81,341 | —325,78 | +127,82 | +240,16 | —17431 | 40586 | 320,65
—325,78 | ~81,341 | 240,16 | 412782 | —174,31 | 4-320,66 449586
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Table 5

Derivations «*

pq =99

Cme= 31 b = 33 | mni=186 | mn =51
! +20,8 | —24 —20,8 | —208 |
pe=13 | +208 | —1633 | 4700 | 42056 | +8637 | —1s0.3 |
pg=31{ +208 | 79,0 —163,3 | 43056 | —1893 | 486,37
pg=331 —2 +3805,6 | 45056 | —1219,3 | 41,0 +41,0
pe=15| —208 | +8637 | —189,3 | 1410 ~4273 | 14177
pg=351 | —208 | —189,3 | +8637 | +41.0 L4177 ] —4273
pa=235| 4324 —86,3 —430,8 149593 | 0283 | —192
pq=>53 | -24 —430,8 | —863 | +9593 | —192 +928 3
pg=55| —24 +7L97 | 7197 | 43780 | 13045 | —13945
pg=17| +208 | —9093 | +300 +156,0 | +147,2 | —646.7
pg="TL| +208 | +300 —90,93 | +156,0 | —646,7 | 41472
pg=237 | —2 +99,33 | 45562 | —1127 —132 +343
po="3 | —2% +556,2 | -F99,33 | —1127 +343 —132
pg=257 | -+24 03,2 —37,57 | +394,8 | 91,0 +1862
pq="T5| +24 57,57 | —93,2 | 43948 | <1862 | 291,0
pe="171| —24 +87,08 | +87.08 | —430,5 | —50,7 —50,7
pg=19 | —20,8 | -+92, —410,3 | —278,7 | —156,7 | +8753
pg=91 | —208 | —4103 | +926 | —2787. | 48753 | —1567
pq=239 | +24 ~104,2 | —681,5 | +1282 | 159 —493,3
pg=93 | +2 ~681,5 | —104,2 | 41282 —493,3 | +159
pg=159 | —24 +101 1 431,88 | —390,3 | —136 ~2329
pe=195| —24 +431,8 | 101 —390,3 | —2328 | —136
pg="79 | -+24 —97,83 | —81,0 | 44393 | ~-1128 | 49,67
pg=297 | +24 —81,0 —907,83 | +439,3 | 9,67 +1128 |
pg=199 | ~2¢ +84.7 | 4047 — 455 —80,3 —823 |
- Table 5 (Continued)
a’i‘ ‘i mn =13 4 g = BT g mn =15 | mn="T7 | mn =19 | ma =90’
el o= 0 o2 24 —~24 —20,8 —20,8
pg=13 | 43562 | —93,2 —57,57 | +87,08 | 4926 —410.3
pge=31 | +99.33 | —57,57 | —932 487,08 | —410,3 | +92.6
pg =233 | —1127 | 43948 | 43948 | —430,56 | —278,7 | —278,7
pga=15 | 343 +91,0 +1862 —50,7 -156,7 | 4-875,3
pq=>5l | —132 +1882 | +91,0 —50,7 | +875,3 | —156,7
pg=235| +79,3 —632,7 | —3284 46381 | —95,7 —691.3
pg=53 ] +1568 | —328¢ | —6327 | 6381 | —691,3 | —95,7
pq=>55| —475 44353 | 4353 —1081 | 302 +392
pg=17 | —7133 | —2911 +850,7 | 43935 | #2057 | —1341
pq="T1 | 418887 | +350,7 | —2911 +3035 | —1341 +205,7
pq =37 | +201 +5314,7 | +3223 | —06580 | —43.7 +1104,7
pq=73| —5177 | +322,3 | +5314,7 | —6560 | +1104,7 | —43.7
pq=>57{ +322,3 | ~11110 | —923,2 | +8500 | —163,8 | —68890
pq="5| 4531477 | —923,2 | —11110 | 48500 | —688,9 | —163.8
pq="171 —63560 | +8500 | 48500 —18697 | +371,7 | 3717
pq =19 ~163,8 | —688,8 | 4371,7 | —1300 | 418073
g =91 —688,9 | —163,8 | +37L,7 | +1807,5 | —1300
pa=39 - —90,7 5453 | 43187 | —15183
pq=9 167 | =907 ~714 —1518,3 | 43187
Py = 36,3 ~5983 48293 24980 | 40837
Py +829,3 | 5083 34 +958,7 | —4m0
pg=T01 L7762 | —1503 | —9817 +11660 | +6775 | —5793
pqg=97 | +861,5 | —0817 | —1503 +11660 | —579,3 | 46775
—805,3 | 41875 | +1575 ~2103 | --8570 | —8570
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Table 5 (Continued)

Derivations «' (oddw)

D omn =35 ma = 53 may = 59 amipem 1T 1 mm == 71
| +24 +24 —24 4+20,8 +20,8 —24
i —86,3 —430,8 471,97 —90,93 4300 499,33
1 —430,8 —86,3 471,97 +300 —50,93 1-556.2
0 4959,3 +95),3 +378,0 +156,0 +156,0 —1127
T k9283 —192 —1394,5 +147,2 " —546,7 —132
o192 -+928,3 —1394,5 —646,7 +147,2 +343
I}~ ~2890 —220,3 42702 —4,30 +435 L1568
il 2203 —2890 2702 4435 —4,30 479.3
42702 42702 —6440 ~173 —173 —475
—4,30 4435 —173 —808,3 +993,7 +-1888,7
+435 ~4,30 S 1T +993,7 —808,3 ~713,3
41568 +79,3 —475 +1888,7 —~1713,3 ~5177
+79.3 +15668 —475 —713,3 4-1888,7 201
—632,7 —3284 4353 —2911 -+350,7 453147
—3284 —632,7 44353 +350,7 —2911 +322.3
+-638,1 +638,1 —1081 43935 43935 —6560
—95,7 —691,3 392 -+205,7 —1341 —43,7
—691,3 —95,7 +392 —1341 205,17 +1104,7
—1763 82,7 +371,3 ~171,3 994 L2167
4-82,7 —1763 -+371,3 4094 —171,3 —503
687 4-3835 —4980 +100,7 —528.3 —872
43835 687 —4980 —528,3 +100,7 ~136,3
—722 —510,2 41145 —20,3 —4938 8615
4 810,2 —722 41145 —4938 —29,3 ~=TT62
| +T18 41718 —1248,7 —42,0 —42,0 —8U5,3
- Table 5 (continued)
‘ mn =38 | mun =93 { mn =259 | mn =95 D omm =79 mn = 97 ‘mn = 99
24 +24 —24 —24 +24 424 —24
'.104,2 | —681,5 | 101 14318 | —97.83 1 —81.0 4947
6515 | —104,2 | 44318 | 101 —81,0 —97.83 | +94,7
ER P! 41282 —390,3 | —390,3 | 4393 | +439.3 | —455
L1159 —493,3 | —136 —2329 +1128 49,67 —89,3
{4033 | 159 —2329 —136 +9,67 +1128 —89.,3
11763 +82,7 +687 +3835 —722 —610,2 | -+718
4827 ~1763 43835 4687 —610,2 | —722 718
i 4+571,3 | +371,3 | —4080 —4980 +1145 41145 —1249,7
P—171,3 | 4994 +100,7 | —528,3 | —29,3 —4958 —42.0
‘ —171,8 | —528,3 | +100,7 | —4058 —29,3 —42.0
~508 —872 —136,3 | +861,5 | 7762 —805,3
42167 —136,3 | —872 L7762 48615 | —s803,3
—90,7 45983 +820.3 | —1503 —9817 +1575
—714 1820,5 | --5983 —9817 —1503 41575
35453 | —1347 —1347 11660 | +4-11660 | —2103
—1518,3 | —49%0 49857 | 6775 —579,8 | —8570
+3187 49857 | —4980 —579.3 | +6775 ~—8570
i 49657 | 87037 | —320,7 | —10050 | —332 +13050
'4-965,7 | —8100 —320.7 | +8795,7 | —332 —10950 { 413050
(87957 | —3207 | —16937 | —617,7 | 414020 | 1260 ~-16267
| ~9220,7 | 487957 | —617,7 | —16937 | 1260 114020 | =16267
| ~10950 | —332 414020 | -+1260 —27900 | —1946,7 | 19211 .
~dgan —30050 | 1260 414020 | —1948,7 | —27900 | 419211
F13050 | —16267 | —106267 | 418211 | 19211 ! -=40966,7
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Table 6

«' .values (even)

a'f:,,’, "mn =02 | mn=20" ma =22 | mn =0 mi= 40| ma=24]
p¢=02 0 +21,6 +14,205 0 —51,11 | 42,092 .
2 G =20 4218 0 14295 | —51,11 0 —-83.82 |

| pg=22 +14.295 | 414,205 | —287 +61,0 81,0 +280,7 |
"n =04 0 —51,11 | +6L,0 0 +120,0 | +114,92 1
B =40 —51,11 0 +61,0 +120,0 0 —144,57 |
| =24 +2.002 | —33,82 | 4+260,7 | $114,92 | —144,57 | —1002,3 |
| =2 —33.82 | +2,002° L 4+260,7 | —144,57 | +114,92 | +183 |
| po=4d —4,951 | —4,951 | —1443 | —271,8 | —271,9 +1mz,7!
: pg==06 0 +80,20 | —118,1 ) —190.0 | 409,87 |
© pq=60 480,26 0 —118,1 | —190,0 0 4-279,17 |
| pq=26 —0,665 | +253.15 | —305 +11,457 | +-227,18 | --537 |
Cpq=62 | 425315 | —0,663 1| —305 4+227,18 | 411,457 | —172,3
=40 41,568 | 479783 | 41487 | —27,10 | 14273 | —305,17-
. pge=04 +7,783 | 41,568 | 41487 | 4427,3 | —27,10 | —1486,7 :
L pg=66 —2,466 | —2466 | —160,17 | +42,68 | 442,58 | 492827 °
U m =08 0 —109,58 | +176,08 0 +269,1 | —122,62
Cpg=80 —109,53 0 176,08 [ -+259,1 0 —416,77 |
D pg=28 40286 | —7247 1.4345,07 | —5,817 | —309,93 | —598
| pg=82 —72,47 | 40,286 | 345,07 | —300,93 | —5,817 | 43347 f
| pg=48 —0,677 | —10,612 | —145,53 | +13,757 | —582,7 | 43053 |
| pg=84 —10.612 | —0,677 | —14553 | —582,7 | --13,787 | 1801 |
pg=08. | 41,063 | +3,363 | 162 —21,6 —58,07 | —344
. pq=86 +3,363 | +1,063 | 4162 58,07 | —21,6 —266,3
. pg=88 —1.45 —145 —165,7 | +29,5 +29,5 4334
© pg= 0,10 0 1138,7 | —234,4 0 —328,08 | 178,53
 pg=100 | +1387 | 0 | —2344 | —328.08 0 +554,3
Table 6 (Continued)
ac’f” i i, e == 04 | mn =866 | mn =08 | mn =280 mn =28 | mn=2582
D pmg=02 47,783 | —2,466 0 —109,53 | 40,286 | —724%
=20 41,568 | —2,466 | —109,53 0 —72,47 | +0,286 .
py=22. | +148,7 | —160,17 | +176,08 | 176,08 | +-345,07 | 345,07
P =04 44273 | 442,58 0 +259,1 | —5,817 | —300,93
P g=40 —-27,10 | 142,58 | 42591 0 —309,93 | —5,817 1
pg=24 —1486,7 | +292,7 | —122,62 | —416,77 | ~—598 -£834,7
P q=42 —306,17 | +292,7 | —416,77 | —~122,62 | 13347 | —508 |
 pg=dd +22571,3 | —688,3 | --200 <4290 +19,3 4103 |
- pg=06 +259,8 | +1140,3 0 —407,3 | 423,77 | 45987 ¢
L pg=60 —725,7 1 4+1140,3 | —407,3 0 +598,7 | +23,77 !
L pg=26 —24,7 —3521,3 | +821,7 | +-654,7 | 4+798,7 | —793,7 |
[ pq=62 --2676,7 | —3527,8 1 L654,7 | L8217 | —793,7 | +798,7 !
 pq=146 —330,7 | ---5083,3 | —104,4 | —465,7 | —2863 | 1291 |
P q=b4 —6131,3 ! 4-5083,3 | —455,7 —194,4 +201 —286,3 |
pg=66 +5083,3 | —11518 | +3053 | 3053 | --89,0 +89,0 |
P q=08 —455,7 | +305,3 ¢ +555 4550,3 | —893 -
pg=S80 —1%4,4 | +305,3 | -+555 0 —-893 +590,3
7 ¢=28 4291 +89,0 +590,3 | —803 —33527 +1265
pq=82 —286,3 | 4-89,0 —803 +500,3 | 41265 —38527 |
7 q==48 4410, —871,7 —1397 46217 +4807 —617 |
Po=84 +3313,3 1 —87L,7 | -+-621,7 | —1397 —617 44807 |
pq=68 —~35997 47427 +2104,7 | —416,7 | —6431,7 | 41267 |
po=56 ~1029,7 | 17427 —416,7 | 21947 | 1267 | --6431,7°
2 =88 +1064,7 | —1553 —2093 —2693 -4-8037 48037
Copg= 0,10 +664 —4589,3 0 —~T038 | 4053 1188
% pq=10,0 | 42847 | —4898 | --703,3 0 41188 953 |
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Table 6 (Continued)

a'-values (even)

e —

4 | mn =00 mn =26 | mn =62 | mn =46
4,951 0 -+80,29 ~0,663 +4-258,15 | 41,568
—4.951 48029 |- O +253,15 { —0,663 -+-7,783
—144.3 —118,1 —118,1 —305 —305 4.148.7
—271,9 . 0 —190,0 411,457 | 227,18 —-27 10
) —271,9 —190,0 0 4-227,18 | 411457 | +4273
+163° b —QA‘-1162,7 469,87 | 4279,17 | -+537 -—172,3 —306,17
110023 | +1162,7 | +27917 | 469,87 —172,3 -4-537 --1486,7
411627 —3142 | —1653 | —1653 | —146,7 | —146,7 | +2257,3
+279,17 I —165,3 o - +-298,53 | +306,7 —439 725,77
469,87 —165,3 -+4-298,53 0 -—439 +-306,7 +-259,8
- —172,3 —146,7 4-3006,7 -—439 —2081,7 | +478 “-2676,7
+537 —146,7 —439 -+306,7 -+478 —2081,7 | —24,7
' -1486,7 | +2257,3 | —725,7 +259,8 -+-2676,7 —24.7 --6131,3
-306,17 | 422573 | +259,8 —725,7 —24.7 +2676,7 | —530,7
4-292,7 —688,3 +1140,3 | +1140,3 —3527 3 —3527,3 +5083,3'
—416,77 | +290 0 —407,3 +821,7 +654,7 —1944
122,62 | +290 —407.3 0 +654,7 | +821,7 | —4585,7
4+334,7 +19,3 423,717 +-598,7 -4-798,7 —793,7 —286,3
| —598 +19,3 +4-598,7 423,77 —793,7 -+-798,7 +291
l 41801 —2621 —56,2 —354,3 —4435.7 4-209,17 | 433133
14-305,3 —2621 —354,3 56,2 420917 | —4457 410
| —266,3 +1726,3 -+88,3 —1555,6 | 4+406,7 -+4362 —1029.7
‘}' —~344 +1726,3 —1555,5 | 4+88,3 4-4362 +406,7 —5997
10334 —794,3 —-120,47 | —12047 | —349 —349 4-1064,7
| 16543 | —422,17 ) +31583 | —871,3 | —131,6 | +2847
A +17B 5 422,17 | ++315,83 0 —131,6 —871,3 |.4-664
Table 6 (Continued)
mn =68 | mn =86 | mn =88 |mn=0,10|mn =10,0
+1,083 43,363 —1,45 0 +$-138,7
43,363 --1,063 —1,45 +138,7 o -
-+162 - 162 -—165,7 —2344 —234.4
—21,6 —58,07 -+29,5 0 —328,03
58,07 —21,6 +429,5 —328,03 0
C —344 —266,3 4-334 +-178,6 +-554,3
—266,3 —344 4334 - +-554,3 +178,5
4-726,3 4-726,3 7943 ~422.17 | —422,17
-4-88,3 - 1555,6 | —12047 0 4-315,83
--1555,8 | --88,3 —120,47 | +4-315,83 -0
+-408,7 44362 -—349 —871,3 —131,6
44362 4-406,7 —349 —131,6 —871,3
-—1029,7 | —5997 +1064,7 | 42847 4664
—5997 --1029,7 | 4-1064,7 | 4664 +284.,7
47427 +7427 —1553 —489,3 —489,3
+2194,7 | —416,7 2993 0 —703,3
—416,7 42194,7 | —2993 —703,3 0
—6431,7 | 4-126,7 4-8037 +95,3 +1188
+126,7 —6431,7 | 48037 --1188 4953
-4+9023 -4-748,3 --10735 —225,97 ——905
+7483 | 49023 | —10735 | —905 ~
<14¢ 18247, | —1393 413150 4-355,3
490 —1393 -~ 18247 413150 -4-667,3
~10735 —10735 413150 413150 —28380 —484
—22597 | —905 +355,3 +667,3 —484 0
i -905 -225,97 | 46673 +4-355,3 —A484 -4-890,7
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Table 6a

Standard function:

I
' Frequency parameter =0,225 = 03;‘23 #—m»oﬁo #=0,390.
- ACalculated with 6 terms g:i:’?(n.mu) a5
. ACalculated with 15 terms | it 10,703 10,445 9,9875

W= 0 4+ Ayt (40, - “a )+ Ass g v5 -+ Ay (u; "s + U ”1)

i TA:&(‘“:"’ "‘“5”4)'*'

)
R

Coeff1c1ents of the progre531ve development

— 0,225 u=0,343 £=0,360 ,u=0,360
4,5 | +0,0378 | 40,0328 | 40,0325 +0,0320 | --0,0318 | 40,0306
Agg | —0,00435) —0,00541 | —0,0050 —0,00555 | —0,00514 | —0,00537
-4y, | —0,0034 | —0,00265 | —0,00257 | —0,00255| —0,00246 | —0,002285
‘Az | -+0,00118] +0,00139 | 0,00121 | 4-0,00141} --0,001235 | -+0,001276
(A | —0,00045, —0,000474] —0,000365 | —0,00048 | —0,000366 | —0,000370
Al — 1 = |+0,000415 — | 40,000382 | -0,000328
gl — —_ —0,000431 - —0,000440 | —0,000456
4, - — | +0,000148 — | $0,000149 ' | 4+0,000150
- p -~ — -0,0000703 — ~—0,0000701 | —0,000070
4| — — —0,0000767 — | ~0.0000638 | —0,0000413 .
A | — — -+0,000196 — -+0,000201 | --0,0002086
A = — —0,0000720 - —0,6000727 | —0,0000733
4 — — +0,0000382 — +-6,0000382 | -+0,00003505
wl — — ]—0000023 | — | —0,0000230 | —0,0060228
; 0,343 p=0,360 ¢..o39o
Frequency paremeter : A o306 22860 1__
ACalculated with 4 terms (1. Ritz) ; N
21,‘872 :

Standard function:

xCalculated with 11 terms | "

i : 23,115

22,669

W = (U ¥y — "a ?’o) + Am (‘“o "4 - “4 %) + Az, ("ﬂ ”4 — Ny V)
Au (“o Vg — % Vo) + Aagg (6315 — g %) 4.

Coefficients of the progressive development

20

! 5==0,225 #=0,343 #=0,360 ;=039
g | —0,131 | —0,0204 | —0,02042 | —0,02142 | —0,02146 | —0,023312 -
Ay | —0,0043 | —0,00643 | —0,005105 | —0,00675 | —0,00842 | —0,600976
| Ao — ' 140,00522 | +0,005i8 ! +40,00540 | +0,00545 | 4+0,005927 !
P — — +0,00207 — © 1.0,60217 | +0,00235
Ay - — +0,000038 = 4-0,0001006 | <-0,000105
Ags —_ — —0,002042 s —0,00215 | —0,002337
Ay -— — ~0,000029 = —0,000075 | —0,001054
Ay — — —0,0000613 — —0,0000631 | —0,0000558
Ags — — +0,0060080 — 4-0,0000083 | --0,0000087




Frequency parameter
M Calculated with 6 terms
ACalculated with 15 terms

Table 6a (Continued)

Standaxrd fuhction:

== (g by + Uy %) + Ay ug vy + Aoy (1o vy -+ 1y %)

ITT

s

3801 38,447

A Ay (U g+ Uy Vg) + Agq gVt

.
~J
w
~

Coefficients of the progressive development

| #=0,225] p=0,343 | 1=0,360 | #=0,390
© Ay, | —0,0236 | —0,0447 | —0,0140 | —0,048¢ |—0,0488 | —0,0563
Agq | --0,00132) +0,02011] +0,0202 | +0,02115|--0,0213 | +-0,02324
“daq | 40,0022 | --0,00984| -+0,00363 | --0,00409 |--0,00385 | +0,00426
Aq, | +0,60166{ --0,00252 +0,00252 | +0,00302 |+0,00271 | 4-0,00306
dog | — | —0,00503| —0,00505 | —0,00520 |--0,00531 | —0,00580 .
A | = — | —000194 | —  |—0,00206 | —0,00229
= SR —- 4000199 | —  |+0,00209 | +0,60228 -
451 — — | —0000822f — .[—0,000884] —0,000994
Azl -~ — | 40,0009877 —  |+0,00105 | --0,001166
Ayl — — | —0,0009760 — |—0,00103 | —0,001121
45— —  |+0000203] —  |+0.000316] --0,000353
Ay | — — | +0,000855 —  |--0,000382] +0,0004303
FAg D — 1-0000138] —  {—0.000146 —0,000163
Cdg|  — — | +0,0000609] —  |+0,000073] +-0,000081 °
Iv

Frequency' parameter
Calculated with 6 terms

p=0225 p=0,343
275,58 = 249,32

£

;‘;?o;sso 20,390 ___]

. 266 (n.Ritz)
Calculated with 15 terms — 45,51 241,78 235,08
Standard function: S
we Ay (o 0z -+ s %) + tha-vp + Aus (Yo ¥4+ % )
+A:;(“z"n’ai“a”z)+4§é‘“ﬂvﬁ+""
Coefficients of the progressive development
|p=0225|  u=0343 =0,360 2==0,390

Aoy | +0,0118 | +0,02266 | 4+-0,0228 | +0,0246 | --0,0248 | 40,02864
Agg | —0,020 | —0,0288 | —0,0275 | —0,03005| —0,02875 " | —0,0310
Ay, | 40,0876 | -+0,0730 | 40,0600 | 40,0709 | +0,06704 | +0,06350
Ay | —0,0047 | —0,00951 | —0,00674 | —0,01015| —0,007355 | —0,00841
A |- — | 40,00529} +0,00540 | +-0,00556 | +0,00568 - | +0,00619
Ay — —_ —0,00071 — | —0,00921 | —0,00830
Ay —_ —_ -+0,00314 — +0.00330 | -+0,003574
Agg _ — —0,00148 — —0.00151 | —0,00158 -
Ao — - —0,00211 — —0.00222 | —0,002423
Ay —_ —_ +0,00204 — +0,00183 | +4-0,00147
A —_ — —0,00153 — —0,00160 | —0,00172
Ags - — +0,00076 — ++0,000778 | +-0,000808 -
Ay — — —0,000435] — —0,000441 | —0,000452
Aol — —= +0,001006| — -+0,00106

+0,00116
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Table 6a (Continued)

\Y4
Frequency parameter #=022
- MCalculated with 3 terms g‘i’gl( R
A n.
rCalculated with 10 terms 291,95  287,3¢ 279,06
Standard function:
W == (“x vy — “3\1\) + Ay ("1 Vg — U5 9y)
é 4 Ags (U v — w5 0;) + A,, (u,v-, — 2wy t) t. ann
Coeff1c1ents of the progre551ve development
s 0,225 H= 0,343 i s 0,380 ] #=0,390
A | 40,00024) —0,01394 | —0,01423 | —0,0160 —0,0163¢ | —0,02008
Ay, | £0,00216] —0,005805] —0,00511 | —0,00707) —0.00623 | —0,008235
Ll - — +0,00643 — | £0,00708 | +0,00826
Dy — — +0,004255!  — | --0,00470 | --0,005495
Agg — — --0,00031 — | $0,000315 |--0,000322
Ag — — —0,00338 — —0,00367 | —0,00419
e — — —0,0027131  — | —0,002934 | —0,00333
| s - — -0,000232]  — —0,000226 | —0,600241
ey - — ~+0,000415]  — | 4-0,0000421 | +-0,000043
VI
| 1 Frequency parameter p=0225 p=0343 ;=0360 p=0,390

ACalculated with 6 terms ' 319,09 31162 317,16 —
N f ACalculated with 15 terms 378(n.Ritz)

. 374,23 373,54 372,12
Standard function:

w= Ay oty ¥y (“1 v + Uy vy) -+ Agg-tgevs
4 Agsr (0 05+ w4 0) + Aao {tb3 v5 + %5 v5) + -

Coeff1c1ents of the progre551ve development

| #mo,zzag = 0,343 § J= 0,360 | 1=0,300
Agy 1 =0,0746 | —0,06456| —0,0641 | —0,0631 | ~0,0627 | —0,06035 !
g |+0,171 | 40,1205 | 40,1252 | 40,1227 | +0,118¢ | +0,10562
Ay | 40,0431 | 4-0,05066] 40,0480 | 40,0518 | 40,0500 | +0,05104 |
g | —0,0084 | —0,00480| —0,00347 | —0,00419| —0.00285 | —0,00172
ey | +0,00546] -+0,00814) -+0,00045 | +-0,00856 | -1-0,0068% | 0,077 ¢
;e — — | —0,01286 - ~—0,01321 | —0,01334
ldg | — —~ . ] —0,001936] — = 120,00229 | —0,00295
Agy — ~ 1 =0,00290 | — | —0,003032| --0,00334
g | — ~ 4000139 |  —  |40,00146 | 40,001575
dg b — +000515 | — 4000531
(A | — — 4+0,002046 |
Agy — — | 40.00158 | -+0,001724}
o | — ) e — 0000798 | —0,000855
Aoy | — +0 000448]  — | 10,000466] -+0,000407




Table 7. Table of the A-functions and their derivations calcu-

/739

lated numerically with 6 terms of the progressive development.

5 % | = I ax

2 3 [Ne) & = ~—

Standard o = i IR | s between |.
" function i i I s between {wm,, and I
. = = 2 My and V

1 ~ o~ '_"‘_; 2 3 § ~

1 vy . 12,49 | 10,73 | 1047 L 140 | " 15,3 '

2 Habg vy — 2y Up) - - - - 26,24 | 23,206 ! 22,869 | 240 L v ]

3 |(wg vp + Up vg) - - . » 35,90 | 37.03 | 3822 + 72! 417

4 Ug Uy F 275,6 12493 124541 R T 230

5 |luyvg—ugv, 4+ ... 1 322,6 ]293.3 258,94 —248 —254

6 |uy v+ ugy, +... i 379,1 37,6 37,16 — 12,5 - 25,3

Table of the
lated numerically with-

function and its derivation calcu-
15 terms of the progressive development.

|

|
[
|
|
il
i
|
|
|
i
i
i
i

)

& & = 0
5 2

Standard b S % s between s between

function 2 2] 3 oy Ry | g GRdaky
= § ‘r— -~ - o~ -~ : P —
1 Uty F o 10,703 | 10,445 | 9,957 |
2 Hatg g — #g Vo)~ « v o 23,115 | 22,668 | 21,872 -~ 15.27
3 {(wg Vg -+ up vg) + - ! 37,75 | 38,01 | 38,447 | ~ 26,57
4 Uy Vg e e 245,51 | 241,78 |235.08 - 14,67
5 lugvg—auy vy + .y 201,95 | 287,34 |279.06 | —223.3
6 vy + 50 + 0y 374,23 | 373,54 | 372,12 | a-—ipza

Since the graphic representation of the A(p)-functions is
an almost straight line one may without great error consider
the slope ¢ of the curves between two adjacent m-values as con-
stant and by combination of two suitable tones determine a

K=value /=M,

+ Jx by linear interpolation.

From all 6 tones

for which the X-curves have been calculated, an additional cor-
rection for 4 may be applied by equalization according to the
method of least squares.

The accuracy of the determination of the coefficient of
elasticity, however, is very low.
to be determined is so small that it has only a bearing in the
last digits; these, however, cannot be determined accurately
enough due to the insufficient convergence of the ‘progressive

development,

The influence of the number

so that for the calculation of the coefficient of

elasticity only an accuracy of approximately 10% can be obtained.

23
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3. Experiments

The experiments were conducted with two squére-shaped
metal plates which are described more closely in the following:

1. Alﬁminum Plate
198.4 mm (+ 0,03 mm)

1.97 mm (¥ 0.01 mm)
2.71

Length of the square edge . . . . 1
Thickness of the plate. . . . . . 2D
Density - ° L ] L] L] L] . L ] L] L] L d L ] L] Q

2. Brass Plate

Length of square edge . « + « + o« 1 =240.0 mm (+ 0.05 mm)
Thickness of plate. . . . . « . . 2D = 3,89 mm (+ 0.045 mm)

Density. + « ¢« o« o ¢ ¢ o o & o o 8 8.48
»
e °.
o "e.. )
<3 “~3~
) e *Point of
. ®
! e " stroke
’p" [
“b_ @'
"Q“ o
1 . P
z LN o
; Q "p"
A . R
W x ...........
-

Figure A. Brass Plate

Standard function:

+ 0,00426 (u; 9, + %, v;) -+ 0,00306 20, v, —0,0058 (25, v -+ U, ¥g)
— 0,00229 (2, v, I ug vy) — 0,00099 (1, v, + 1, 2,) + 0,000853 24, 7,
+ 0,00228 (1, v5 + %, v,) + 0,00117 (20, v -+ 13 05)

+ 0,000438 (u, v + g 0,) — 0,000168 (2052 - vy 2) + - ..

W == U, Uy +‘ iag Vg - 0,0563 %, vy + 0,0232 (21, v + 6, 7p)

™~
~J
NN
(o]



Experiments were already conducted in 1924 at a'timé When

the procurement of new experimental equipment w i é
i i FFi as ass
with great difficulties. quip ociated

In order to produce acoustic figures, the plates were
placed on conical corks at the point of nodal lines, being
prevented from lateral displacement by conical corks which
touched the edge at the intersections with nodal lines. The
plates were stroked with the cello bow. The sand figures

% Point of
, stroke

Figure A. Aluminum Plate

Standard funq;}on:

W == U, Uy + Us Dy — 0,0488 14y - v, + 0,0213 (14, v, + v, v,)
+ 0,0039 (10, v, 4 1, v;) + 0,00271 2, » v, — 0,00531 (2, v, + 1,7,)
-~ 0,00206 (20, 7, + 24, 24) + 0,00209 (4, v, + v v,) v

— 0,00088 (1, v, + 12 + 0,00105 (1, vg + 5 7,)

— 0,00108 (14, ¥;0 + ;g ) + 0,000 316 21, + v, -+ 0,00038 (20, v, + w5 v,)
+ ... &

obtained|were transferred to rubberized black glossy paper and
copied onto transparent paper with the help of carbon paper.
The paper was then placed upon the theoretically calculated
curves of nodal lines for the purpose of comparison (cf. the
earlier Figs. A and B).

The frequencies of oscillation, for the better part, were
determined with the help of a monochord and taken as mean value
over several observations (accuracy 1%).

N
~J
-~
'-—l
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For the determination of the coefficient of elasticity &,
the accuracy of the frequencies of oscillation determined with
the monochord was not sufficient.
the calculation of each plate (No. I - VI of the tables on
p. 743 which are identified in the final tables on pp. 744 and

The 6 tones required for

‘746 with an *) were therefore determined with an accuracy of approx=-
}1mately 1 per mllle with calibrated sound rods by the beat methodl

Figure B. Brass Plate

Standard functlon-

The pitches of tone so determined and the data required for the
interpolatory determination of ”1are compiled in the following

table.

—

W= 4 0,008 %y 0y — 0,0493 (ul v, + Ug vl) + u, o, - 0 0564 (u, v, + 'u5 v,)

+ 0,0809 (u; v, + 4, vg) — 0,0068 u; v, -+ 0,0102 ('ul vy + %y v)
- 0 018 (16, 7 + 2%, v,) -+ 0,0045 (25 v; + Uy v5) — 0,0027 %, v;

] 01004 (e vy + Yy ”_1)

fIIn the Technische Hochschule in Danzig where Prof. Kalahne was

/743

kind enough to make available his sonometer for the determination
of the frequencies of oscillation.



| O TU 4D 1D et

L a

i &MOEGO g 2
U ! ); ; brass (aluminum
9,087 — 1527 | 146,93 | 1755
2,669 91,872 — 2657 | 21448 4 0,05235.8
38,01 38,447 + 14,57 \ 296.85 & 00131513
241,78 235,08 ~223.3 = ln3l03 4 0,04
267,34 279,06 --276 780,88 - 0,6 841,44
373.54 372,12 . — 4133|9067 E190LG6 % 0,5
-\9 .
T vb'“v - o--ve—--e"‘”; e ;
.
: Oé; .6ﬂ
s : b
é b
: 6 4
P b
b b
i » »
o Yy
- O oo a Ra
."6&" “QQ’.’

Flgure B. Alum1num Plate

Standard function:

} W= & 0 008 Uy vy — 0,0493 (04 v; + 2, v;) + %5 v, ——-0 0564 (0, 75 4+ 3 ) :

|

+ 0,080 (w4, vg + % v3) — 0,0068 2, v + 0,0102 (21, 7; + 1 7,)
— 0,016 (313 v; + U, 05) + 0,0040(1:51: + U 5] — 0002’“1,0,

- 0 ,004 {2, v, + uo 7
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Table 9. The frequency parameter ) and the frequencies of
oscillation n of the aluminum plate.

Note to tables 9 and 10:
tones only the main terms of the progressive developr

+-

for the

sign indicates that for the g
gressive development had been carried on f
Frequencies of oscillation observed with

purpose of identifying the

the tonom are
identified by an *,
e . (calcalated) |
Standard!| » . | . ' %—0,365 =0,390 | u=0,410 " -
ion | Ar=0,365)|2(4=0,300)| 4 (u==0,410) | #=" Y St
function f"‘f 4 S e .(” Em7147_k_g_; E:’/USJ&‘L2 Eﬂggglifﬁi - .obs.
‘ ' mm mm mm
1(1) A 16,360 9,087 9,682 160,5 1589 | L asn7 | 1supr
2 (ID) Uy Ty — 13, 92,536 21,872 21,341 | - 286,6 233,24 | 234,1 285,8%
3| e+ ue 38,053 38,447 38,738 | © 8078 . 311,9 ©Blh4 815,1%
4 R 71,66 69,806 68, 421,9 420,2 4189 | 420
5 Uy Ty — Uy Uy 237,7 237,7 231,72 | 7ess | 7SS © 81,3 750
6 w3y - 240,66 - | 235,08 230,61 B8 L | T2 - 769,6 | 773,9%
L & pen : —_— e | :
TV) | w— gy, 285,96 279,06 273,54 812,9 810,3 833,18 | Sd1,4%
SOV wu tuy 3733 | 37212 371,17 963,1 970, 976,3 961,7%
9" Tt 4 w227 | 70,6 | 695,53 1840 1338 1336 | 1260
10 Uy B — Uy ¥y 869,5 866,45 864,01 11470 1481 .. 1489 1425
111 2y Uy + U 7 957,7 * 960,75 '963,2 1543 1559 1573 1490
3 " 1092 1084,6 ~ | 107 1647 1656 1664 1600
i S . RS 1R
13 2y vy 1418,7 1388 1364 W 1674 . 1871 1820
) . £ o ' N '
14 Uy Vg — Uy Ty 1572 1546 1526 1976 1978 1976 * 1935
15 Uy Vg + Uy vy 1897 1872 1852 2171 - 2170 2181 2080
16 gy 2496 2496 2496 2490 2513 2532 2370
17 ug vy — ug vy~ | 2501 2570 2553 2537 2550 2560 2500
18 iy v+ uy vy 2044 2044 2044 2705 2729 2749 2510
19 v, 2075 2025 2886 2719 2720 2798 2570
20 2, 8742 3705 3675 3019 8061 3072 2790
21 iy ¥ 5045 4067 4904 8541 3515 3549 3200
22 Uy vy = Uy vy 5222 5155 5102 3602 L 3620 | 3100

N
~J
N
S
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Table 9 (Continued)

24

U Ty — Uy Uy
Uy Vg T ULy

g vs + U g

%) vy — U Uy

Uy 27‘ o uu vy

Uy Ty -+ Uy Ty

ool st e T R T e T
| - _(calculated) | -
1 (u=-0,300) | A (pe=0,410) | ¥ 1k 9:399{kg wedgll
L E=TI4T—=| E=T118_-55| E=7000 20| obs.
5462 Teane | pdas ] 368t | 3115 3741 3360
5680 5687 5603 3757 3793 3524 3500
5800 5812 5750 3826 3835 ° 3843 3620
5954 5930 5027 3846 3876 3901 3580
6088 6924 6373 4167 4185 4201 3870
7672 7632 7600 4366 4304 4418 1080

,Exagt ag;eement must only be expected for the frequencies of
oscillation in heavy print, for which the progressive develop-

ment was carried out with 10-16 terms.

Others are only approx-

imated with the main term, that is the frequencies of oscilla-
tion observed are too high as opposed to those observed.

Table 10f Frequency parameters and frequencies of oscillation /746
of the brass plate. E—
seondura ~ Galeulated) . |
Standar : s cajcniatec) .
P - gl .l@mﬂﬁM)lWIQw@.“ﬂrQle“mAMk #—@“5kf#~Q“0k'
] : p=1212—-E | p—210 =8 ip—m180-E,] ODbs.
' mn? mm? mm?
1h u, v, 9,773 9,758 9,520 | i4n 1369 146,6 146,9*
+en . : :
2(1N) g vy — Uy Dy 21,50 21,473 21,075 218,1 218 - 217,18 | 214,5%
3 Uy By - Uy 1 38,65 38,660 38,884 292,4 292,5 294,9 296,8* -
4 vy v, 68,77 68,603 67,579 390 859,9 $88,8 334
5 Uy 237,72 237,72 237,72 725,1 725, 29,2 714
6 (IV) Uy v, 232 231,73 92284 7162 716,1 14,7 17
| ) v Z 1
s ) :
7(V) Uy Vg Uy Uy 275,2 274,9 270,8 ©980,1 . . 980 . 1 798,3 “780,9* ,
$ (V) 2y vy - Uy 2y 371,46 | 871,41 370,7 9084, | - 9066 |- 9106 | 9067
9 S g 699,1 © 698, 689,5 1243 1243 1242 | 1180
10 By — Uy 864.8 864,86 862,8 1383 1383 1389 1375
11 g v5 - s 1y 962,4 962,56 964.4 1459 1459 1469 1418
2 aty 1081 1080 1076 1546 1546 1551 1465
g v, 1371 1370 1352 TR 1741 1739 1740
1532 1531 1516 1841 1840,7 1841 1840
1858 1857 1842 2027 2027 2030 1890
« . 2496,5 2496,5 2406,5 2350 2350 2363 2020
17 Uy s — Uy 2557 92545 2378 2379 2386 92200
18 v 2044 9944 2551 2552 2566 2365 |
9. e 2806 2866 2531 2531 2532 | 2300
20 4 5115 B0 3384 3365 3§69%, 3020
21 4272

8220

8158

4260

42487

4000

29
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4. Results

The tables on pp. 744-746 contain the frequencies of
oscillation calculated with different #-values by comparison
with the observed ones. The determination of the coefficient
of elasticity x from frequencies of oscillation is only pos-
sible within very wide limitations. It is obvious from Table 7
(p. 739) that in particular for the higher tones the conver-
gence of the progressive'development is not sufficient in
order to determine the third digit after the decimal point of
the M-values with accuracy; this, naturally, made the effect of
M on the corresponding *-value an illusion. The higher the
tone the poorer the convergence of the series. Therefore, the
# =values calculated from the ratio of two frequencies of
oscillation differ considerably. Since it is impossible to
recognize which tones are best suited for the determination of

r & M~value was determined from all 6 tones (I - VI) by
equalization according to the method of the least squares.
The result was M= 0.365; E = 7147 kg/mm2 for the aluminum
plate and 4= 0.404; E = 7212 kg/mm2 for the brass plate. The
calculation of the frequencies of oscillation showed for the
tone III a distinct systematic deviation for the two plates.
Exclusion of III results for the value 4 = 0.365 in a minimum
of the relative square of error for the aluminum plate,
M = 0,404 for the brass plate. For higher A~values the devi-
ation of the tone III (as evident from the tables) will become
considerably smaller, however, greater differences are encoun-
tered with VI. In addition to tone I - VI, calculation of
A=values was also carried out for the tones (4) and (13) with
the greater accuracy, with 16 terms (13) with 10 terms in a
progressive development; (4) gave satisfactory agreement, (13)
showed already greater deviation since here the convergence of
the serial development becomes increasingly poorer. For even
higher tones the convergence is poorer so that a satisfactory
accuracy of the calculation is practically no longer possible.

The calculation of the nodal line was carried out in 2
cases. In one case - standard function uzvy + ... (13 on
table 9 - shows for both plates very good agreement of the
calculated with the observed nodal lines. In the second case -
standard function w = ugvy + u2vg ... (III of table 10) - the

- observed figure shows for the aluminum plate an unusual asym-

metry, wh: iries in dependence on the point of stroke and
is possib. ssociated with the relatively higher load of the
lighter a inum plate by the bow. In the case of the brass

plate the distortion is barely noticeable. ‘

~
~J
N
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Dz 0,4 0,46
1 s i i
| (@) | +0.70711) + 407071
LUy (7) ] 0,75907) +0; 0.24266
uq (x) | 40,5578 4 :
g () | +0,01500 ( ; :
g () | —0.52247| —0,70707 »07551% 40.00060
wyo(z) | —0,89505 —0,98764 | —1,0000 | +0,95096

Table 11 (Continued)

= | 08 | 065 | o068 | 08 | o8
L w (x) | -0,70711 ] +0,70111 | 4070711 | 4070711 | 4070711
U ug(z)| —0,13823 | —0,28725 [ —0, .mu ~0,75968 { —0,8245
{ug{2) ] —0,90010 | —0,80480 | —0,70516 | —0,07351 | -0,00081
U oug (%) | +0,43163 | +0,75086 i +0,87318 | +0.68346 | <-0,54666. -
ug{x) | +0,71348 | 40,20652 | —0,14012 | —0,93206 | —0.88746 .
" wge(x)! —0,89286 { ~0,96632 { —0,75603 | +0,77334 | +0,89782
gy RS T ERYAg—— ! i 1 ¢
Table 11 (Continued)
x 0,3 } 0,4 ; 05 | 06 | 065 ‘ 0,67
w, (2) | 40,36743] 40,4809 | 1-0,61238| +-0,73486] +o,79609f 40,82058
g () | +-0,88128] 4-0,93625] 1-0,82693] 4-0,56166 +0,37805] -+-0,206415:
us (%) | --0,85245] 4-0,31917] —0,36204] —0,84941] —0,93343] —0,9312
| g (%) | 40,07766] —0,81065| —0,92814] —0,16754] 40,32628| --0.50484
uy (&) | —0,76043] ososwﬁoss:m{ +0,99104| 068541 +0,45231 °
Table ll (Contlnued)
z 0,7 6,71 0,72 0,795 j 0,74 | 0,75

ul ()| +0,85733| 4-0,86958 | +0,88182 | --0,88795
2z (2)] +0,16589] -0,120815| +-0,074379 +0,051149
uy (#){ —0,88859] —0,80342 | —0,83190 | —0,81501

4+0,83609 | +0,85704
g (x) +o,09063' —0,04022 | —0,17089 | —0,23451

‘a4 ()| +-0,72765] 40,7850

Table 1}7(Continued)

-£0,80632 | 4-0,01857

—0,020372] —0,006917
—~0,75582 | —0,71079:
“0,90636 | +0,93019

j ~-0,43836 | — 0,53106

|

z | 0,76 | 078 } 0,8 | 082

[ 0,88

, \
Uy ()] 4-0,93081 | +0,95530 | 40,7981 | +1 0043054_1,0'.. 107778
Uy (x) | ~0,118196] —0,21852 | —0,3216 | —0,42648 | —0.54096 ——0,74’)0()2
Dot () | —0,6605 | —0,54608 | —0,41577 | —0,26084 | --0.06008 | -0.23998
2y (%) | --0,03465 | +0,01022 | +0,85020 | +0,75605 | +-0,43117 | +0.21812
ty () | ~0,6326 | —0,79831 | —0 00009|~-0,934911uo,77461 —0,58652
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The u-functions used for the calculation of the nodal lines
are given in Table 11. The serial development for w is given
under the measured figures. The zero-locations of w have been
determined with the help of Table 11 by a trial and error ap-
proach and subsequent to sufficient limitation by interpolation.
The points thus calculated are identified by small circles.

The dotted lines are exact copies of the impressions on the
transparent paper of the copied sound pattern.

If one places the origin of the coordinates into the center
of the plate and specifies that one half of the length of the
square edge is 1, one then obtains the following pairs of values:

Fig. A Fig. B

X y X y

0.2 0.804 0.3 0.700

0.4 0.675 0.4 0.714

0.6 0.49 0.5 0.721

0.8 0.209 0.6 0.7425
0.65 0.769
0.67 0.798

In the case of Fig. B the axes of coordinates are nodal lines
in themselves.

The agreement of the shape of the curve with the theory
may be assumed to be satisfactory with the exception of the

1. distortion mentioned above,

2. the hyperbolic deviations in points where according
to the theory two nodal lines are intersecting.

Ritz attempted to explain the hyperbolic deviation in the
following way: "In order to overcome friction the amplitude of
oscillation has to exceed a certain minimum, that is, the sand
remains in a state of indifferent equilibrium within an area
limited by hyperbolas"[18e]. The observation shows that ‘the
formation of hyperbolas occurs always in certain quadrants, the
position of which - with regard to the point of stroke - is
always the same, that is, it changes with the latter.

I am grateful to Prof. Kaufmann, K6nigsberg in Prussia, /750
who suggested this study and to Prof. Kald&hne, Danzig, who
kindly permitted the use of his tonometer.
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